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Exact solutions of the Einstein field equations with cosmic string and space varying 
cosmological constant, viz., A = A(r), in the energy-momentum tensors are presented. 
Three cases have been studied: where variable cosmological constant (1) has power law 
dependence, (2) is proportional to the string fluid density, and (3) is purely a constant. 
Some cases of interesting physical consequences have been found out such that (i) variable 
cosmological constant can be represented by a power law of the type A = 3r~ 2 , (ii) 
variable cosmological constant and cosmic string density are interdependent to each 
other according to the relation A = — 8-7rp s , and (iii) cosmic string density can be scaled 
by a power law of the type p s = r~ 2 . It is also shown that several known solutions can 
be recovered from the general form of the solutions obtained here. 
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1. Introduction 

The cosmological constant A has a fairly long history of acceptance and rejection 
due to itspeculiar properties and behaviour. Historically, it was first proposed by 
Einstein ^ as repulsive pressure to achieve a stationary universe for his theory of 
general relativity. But, later on, theoretical work of Friedmann without cosmo- 
logical constant and observational result of Hubble ^ with galactic law of red-shifts 
- all did indicate towards an expanding universe paradigm. This situation forced 
Einstein to abandon the concept of introducing A in his gravitational field equa- 
tions. Thus what was rejected by Einstein the same was embraced by Friedmann 
and Hubble. This is the first phase for its weird history of ups and downs in the 
first quarter of nineteenth century. 

However, the debate went on with its non-existence and even existence. Ac- 
m 

tually Zel'Dovich ^ in his most innovative way revived the issue of cosmological 
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constant A by identifying it with the vacuum energy density due to quantum fluctu- 
ations. Therefore, people started thinking about A once again with a new outlook. 
If it does exist then what are the features a nd im plications of it on the physical 
systems are available in these review articles I 5 | 6 | 7 | 8 | Following all these what we 
are really interested to mention here that survival of cosmological constant A was 
occurring slowly and getting gradually a strong theoretical footing. However, the 
resurrection came in a b old w ay through the observational evidence of high red- 
shift Type la supernovae EGHI f or a sma ll decreasing value of cosmological constant 
(A. present < 10 -56 cm -2 ) at the present epoch. It is now commonly believed by the 
scientific community that via cosmological constant a kind of repulsive pressure, 
dark energy, is responsible for this present state of accelerating Universe. This is 
because of the fact that the A-CDM model agrees closely with all most all the 
established cosmological observations, the latest being the 2005 Supernova Legacy 
Survey (SNLS). According to the first year data set of SNLS dark energy behaves 
like the cosmological constant to a precision of 10 per cent El 

Obviously, this small decreasing value of cosmological constant indicates that 
instead of a strict constant then A could be a function of space and time coor- 
dinates or even of both. It is, therefore, argued that the solutions of Einstein's 
field equations with variable A will have a wider range and the roll for scalar A 
viz., A = A(r), in astrophysical problems in relation to the natur e of local massive 
objects like galaxies, will be as much significant as in cosmology | l^ | l^ lIH, j n this 
line of approach, the field equations including variable A have been solved in var- 
ious cosmological situations (i.e. A = A(t)) as well as astrophysical situations (i.e. 
A = A(r)) by several -,- or l xr , ll5ll6ll7ll8li9l20l2ll22H3l24l25l26l27l28l29l301 

Now, string theory being a major tool for understanding nature involving phys- 
ical systems a string theoretic approach towards astrophysical and cosmological 
realm t hought to be useful from the very beginning of the advent of the theory. 
Letelier | 31 | 32 | s t uc |ied the spherical symmetric gravitational field produced by a 
bunch of strings by replacing the motion of dust c lou ds and perfect fluids in terms of 

IOOI 

string clouds and string fluids. Later on Vilcnkin proposed a model of a universe 
composed of string clouds. Einstein field equations have also been solve d by se veral 
workers from string theoretic point of view for a single cosmic string I 34 | 35 | ^ W o 
moving straig ht st rings ^Sl an d TV straight strings moving on a circle ^3 Dabrowski 

IOQI 

and Stelmach 1:221 considered Friedman universe filled with mutually noninteract- 
ing pressureless dust, radiation, cosmological constant and dense system of strings. 
There are also several other very recent models where the co nce pts of string have 
been considered, e.g., rolling tachyon from the string theory a string-inspired 
scenario associated with a rolling massive scalar field on D-branes^^, exotic matter, 
either in the form of cosmic strings or struts with negative energy density also has 
been conside red in connection to the matter content of an additional thin rotating 
galactic disk SB and a fluid of strings along with the cosmolo gica l constant, as a 
candidate of dark energy, has considered by Capozziello et al. to get a viable 
scenario of the present status of the Universe. 
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So, it is not unnatural to investigate the effect of space-variable A on an 
anisotropic static spherically symmetric source composed of string fluid. Therefore, 
the present investigation is the generalization of the work of Tiwari and Ray 1221 
with string fluid replacing perfect fluid. The main purpose of the investigations are: 
firstly, to search for some kind of link between the approaches with matter and 
string theoretic one; secondly, interrelationship, if exist, between the string and cos- 
mological constant; and thirdly, to find out the extra features which appear due to 
the inclusion of varying cosmological constant in string fluid. 

The paper is organized as follows: in Section 2 the general relativistic Einstein 
field equations are presented where the cosmological constant and string fluid are 
included in the energy-momentum tensors. Section 3 deals with their solutions in 
various cases and subcases under this modified theory of general relativity. We 
include two Sections 4 and 5 regarding solar system and effective attractive correc- 
tion to the Newtonian force due to cosmic string density admitting varying A. Some 
salient features of the present model are discussed in the concluding Section 6. 



2. Einstein field equations 

The Einstein field equations are given by 

G l , = #j - ^g^R = -SttT^ - gi.A, = 0, 1, 2, 3) (1) 

where in relativistic units both G and c of k(= 8ttG/c 4 ) are equal to 1. Here, we 
shall assume the cosmological constant A to be space- varying, i.e., A = A(r). It is 
to be noted here that the left hand side of the Einstein field equations express the 
geometrical structure of the space-time whereas the right hand side is the repre- 
sentative of the matter content. We have, therefore, purposely put the non-zero A 
term in the right to make its status as physical one such that the conservation law 
in the present case takes the form as follows I2~H 

87^-;* = -A; j. (2) 

Let us consider a spherically symmetric line element 

ds 2 = gij dx l dx ] = e v[r) dt 2 - e Mr) dr 2 - r 2 {d0 2 + sin 2 ed(/) 2 ) (3) 

where v and A are the metric potentials and are function of the space coordinate r 
only, such that v = v{r) and A = A(r) . 

Now, if we assume that (1) the fluid source is a perfect fluid of finite-length 
straight strings and (2) the individual strings do orient themselves in a perfectly 
radial direction, then the energy-momentum tensors reduce to 

T\ = T r r and T u u = q (4) 

where u> stands for both the angular coordinates and <fi related to the metric (3). 
In this context it is to be noted here t hat the above assumptions are quite relevant 
to the results of Gott ^2 and Hiscock that a straight ideal string has vanishing 
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gravitational mass due to the gravitational effect of tension which exactly cancels 
the effect of mass. Therefore, strings do not produce any gr avitational force and can 
be thought of exactly straight and radially oriented I 31 | 43 | 

Now, to solve the Einstein's gravitational field equations uniquely one has to 
specify some relationship between the energy-momentum tensors. Let us, therefore, 
assume that the transverse pressure part of the string energy-momentum tensor T' t 
is proportional to the angular part of the energy-momentum tensors u} . Then, 
from the above equation (4), we get 



-aT u 



(5) 



where a is a dimensionless constant of proportionality. This assumption (5), as 
mentioned in the previous discussion, indicates the perfect radial orientation of 
the strings. Here, however, we would like to mention that this algebraic form of 
energy-momentum tensors was earlier considered by Gliner S31 and Petrov S3 m 
mathematical context and later on by Dymnikova and Soleng S3 associated with 
anisotropic vacuum polarization in a spherically symmetric space-time. 

By virtue of the equations (3) and (5), the field equations (1) can explicitly be 
expressed as 
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The above field equations, at a glance, give some clue in between the metric poten- 
tials. Therefore, addition of the equations (6) and (7) immediately provides us the 
following relation 



= -A 



(9) 



which is equivalent to gooSn = — 1, between the metric potentials of the metric equa- 
tion (3). A coordinate- independent statement of this relation have been obtained by 
Tiwari, Rao and Kanakamedala — by using the eigen values of the Einstein tensor 
G l j expressed in equation (1). It is also interesting to note that <?oo5ii = — 1 can be 
expressed in terms of the energy-momentum tensors T l \ = T°q. 
The energy conservation law, in the present situation, is given by 
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Then, from the equation (10), we get 

d Ps , P 1 dA 

dr r 87r dr 

which, on multiplication by r 13 and then integrating it, reduces to 



where A/8ir is an integration constant. 
3. The solutions 

To obtain some explicit simplified results, let us investigate the field equations under 
the following special assumptions. 

3.1. The case for A' oc r~@ 

Let us assume that 

A' = Br- p (14) 

where B is a proportional constant. 

By the use of this assumption (14), we get from the equation (13) 

so that the energy density can easily be obtained as 



Again, on integration, equation (14) yields 

B 



(17) 



1-/3 

Using the equations (16) and (17) we get from the equation (6) 

e" A (- - V) + \ = Ar-P + -r^-y-P Br 1 "* 
\r r z J r z 1 — p 

so that after simplification it takes the following differential form 

1 

The above equation (19) on integration provides the form for the metric potentials 

as 

, 2M A , „ BB , o 

6 = 1 - — - ! - d-m-P) r = e (20) 

where 2M is an integration constant. 



d{re- x ) =dr- Ar 2 ~^dr + Br 3 - p 



(18) 



dr. (19) 
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Thus the general form of the space-time can be given by 



ds 2 



2M A 
~~r~~ 3-/3 

2M A 
~r~ ~ 3-/5 ? 



,2-/3 



B(3 



,3-/3 



(l-/3)(4-/3) 
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-r 2 (d6> 2 -\ 



eft 2 
dr 2 

2\ 



(21) 



3.1.1. a = -2 

For this subcase when /3 = 1 readily makes A, via equation (17), to be infinite and 
hence is not a well-defined quantity. However, for j3 = — 1 one can get 

A=fr 2 . (22) 

For a particular choice of the values for (3 — 3 and B = —6, therefore, equation (17) 
gives 

A = l. (23) 

This result is similar to the one as obtained by Krisch and Glass ^Sl when r is recog- 
nized as the cosmic scale factor in connection to a toroidal fluid solution embedded 
in a locally anti-de Sitter exterior. 



3.1.2. a 



For this, we get from the equation (11) the value for (3 as zero, which reduces the 
equation (10) in the form 



dr 



A 
8^ 



0. 



This immediately yields 



Ps 



A 
8^ 



C 



(24) 



(25) 



where C is an integration constant. Hence, from the equation (6), after integrating 
it and using results of (9) and (25), we get 

2M 8ttC 



e- x = 1 r 2 = e v , (26) 

r 3 

From the above equation (26) we find that, for the appropriate choice of value of the 
constant as C = 0, it turns out to be Schwarzschild solution. A comparison of the 
equations (20) and (26), via equation (25), immediately reveals that A — 8ttC = 
A + 8iTp s for (3 = 0. Therefore, choosing suitably the values of A = C = one can 
obtain 



A = -87T/9 S . 



(27) 
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This means that, even in a restricted case, vacuum energy density is dependent on 
cosmic string density and vice versa,. It is worthwhile to note that, in the context of 
the inflationary cosmology | 50|51 | 52 | 53 | 54 |^ j. ne above relation (27) can be expressed 
as p s = —p s , where p s , now equivalent to A/87T, is the fluid pressure of string. 
The equation of state of this type p s = jp s with 7 = — 1 implies that the matter 
distribution is in tension and hence the matter i s known, in the literature, as a 'false 
vacuum' or 'degenerate vacuum' or 1 p- vacuum' | 55 | 56 | 57 158| 

Now two cases may be considered here - 
Case I: When the condition is p s > and A < 0, we get the positive energy density 
of string with negative vacuum energy density. We emphasize here that in the 
cosmological context A positive is related to the repulsive pressure. A being negative, 
as evident from the equation (27) , this case does not correspond to the present state 
of the accelerating Universe rather it is related to a collapsing situational. 

Case II: When the condition is p s < and A > 0, we get the negative energy 
density of string with positive vacuum energy density. This case of positive A and 
hence negative pressure, therefore, indicates towards a state of acceleration. This 
positive A as appears in the form of the negative pressure try to expand the space- 
time curvature in the outward direction and thus does play the role fo r dar k energy 
which is responsible for the present status of the cosmic acceleration 1 9 1 10 |_ j g ^ Q 
be noted here that the concept of negative energy density of string is not unre- 
alistic in the realm of string theory and have been extensively studied by several 
wlxr JMl6ll62l551Ml 

3.2. The case for A oc p s 

Let us assume here that 

A = 8irDp s (28) 

where D is a constant of proportionality. 

From the above assumption (28), after differentiating it, we get 

rfA „ ^dp s . „. 

— = 8ttD-P 29 
dr dr 

for which the equation (12) reduces to 

dp s dp s 
dr r dr 

On integration this yields 

p s = D r-^+ D \ (31) 

Therefore, by the use of the equations (28) and (31), we get from the equation (6) 

A _ 2M 8ttA)(1 + D? (2+2D-0)/(i+d) _ u /„ 2 n 
C ^ r 3 + 3D-0 r ~ e ■ [6A) 
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Thus the general form of the space-time can be written as 

^2 



ds 2 = 



_ 2M _ 8ttDq{1 + D) 2 r ( 2 +2D-f3)/(l+D) 

3 + 3D-f3 



r 



1 - 



2M _ 8nD (l+D) 2 (2+2D _ 0)/(1+D) 



3 + 3D -13 



\d6 2 



dt 1 
dr 2 

2\ 



(33) 



3.2.1. D = -1 

This subcase, obviously, goes back to the subcase 3.1.2 for A = C = so that the 
explanation in connection to the negative string density and cosmic acceleration is 
also valid here. The Schwarzschild vacuum solution also can be recovered here as a 
special case in the form given by 



" 2M~ 




' 2M~ 




dt 2 - 




r 




r 



dr 2 



-r 2 (d6 2 + sin 2 6dcj) 2 ). (34) 

This space-time is associated with a particle of mass M centered at the origin of 
the spherical system surrounded by a cloud of strings of density p s = Dqt~°°, for 
Do 7^ 0. Obviously, there does not exist any string around the spherical configuration 
except at the points where r = ±l.Atr = the string density and sp ace-t ime both 
blow up and thus singularity arises in the solution. According to SolengBSl, however, 
this singularity at the origin is not a unique feature for string fluid model the mass 
being surrounded by a string fluid. 



3.2.2. D = 

For this subcase the cosmological parameter A vanishes by virtue of assumption 
(28) and hence the equation (31) reduces to 

Ps = D r-P. (35) 

Th is r esult can easily be recognized as the one obtained by Turok and Bhattachar- 
jee^Hand also by Kibble^l where 2 < j3 < 3 in their case. If we now choose a » 1 
then for this very large value of a, when f3 = 2, the equation (31) becomes 

p s (x r~ 2 . (36) 

This suggests that string-dominated universe expands more rapidly than matter- or 
radiation-dominated one where energy density varies, respectively, as p m oc r~ 3 and 
p r (x r -4 This case j3 — 2 and the astronomical c ons traint on string-dominated 
universe hav e been investigated by Gott and Rees ^1. However, Dabrowski and 

IOOI 

Stelmach l ^ 21 prefer this case p = 2 as it corresponds to the set of randomly oriented 
straight strings or to the tangled network of strings which conformally stretches by 
expansion. According to them unlike 2 < f3 < 3 this case is particularly interesting 
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because it allows treatment of all type of components of the universe simultaneously 
in an analytic way and also gives some aspect s o f observational problems in the 
universe with strings. Vilenkin ESI and Soleng S31 a i so exploit this type of string 
cloud with energy density p s oc r~ 2 . 

In this connection we are interested to point out that the present model with 
p s oc r _/3 is more general than others as mentioned above and can be applicable, 
at least theoretically, with out any constrains like 2 < (3 < 3. Another point to 
note here is that this result appears in the form of a solution of the Einstein field 
equations not as an ad hoc assumption. 

3.3. The case for A = constant 

For this trivial case of erstwhile cosmological constant, the equation (13) becomes 

P. - £r-e. ,37, 

This is again the same relation (35) for A = 8irDo. Therefore, we can recover the 
relation p s oc r~ 2 from here also for a — oo, (3 — 2 and hence the explanation of 
this can be made in a similar way as before. 

By the use of above expression in the equation (6) the metric potential can now 
be given by 

\ 2M A 9 A r, R 

e- x = l -r 2 - ,r 2 -^ = e v , 38 

r 3 3 — (3 

Thus the general form of the space-time can be written as 



ds 2 



2M A , A , r , 

1 r 2 r 2 ~ p 

r 3 3-/3 

2M A 9 A 9 o" 1 "' 

1 r 2 r 2 - 

r 3 3-/3 



d.t 2 



dr 



2 



-r 2 {dd 2 + sin 2 9d(j> 2 ). (39) 

3.3.1. a = -1 

For this subcase we get f3 = and hence the equation (38) reduces to 

_ x . 2M A 2 A 2 v (in . 

e A = 1 r 2 r 2 = e v . (40) 

r 3 3 

One can observe that for A = the above space-time becomes the Schwarzschild-de 
Sitter vacuum solution which again, in t he a bsence of A reduces to the Schwarzschild 
vacuum solution as in the case of SolengS^lfor a = — 1 and respectively. Moreover, 
in this case the string density becomes a constant quantity as given by 

* - I (41) 
which means that the space-time associated with the particle of mass M is sur- 
rounded by a spherical cloud of constant string density here. 
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3.3.2. a = 1 

In this subcase of (3 = 4, we get the metric as 

2M A , 



1 



r 3 
2M A , 
r 

-r 2 {d& 2 



A 

-i -l 



dr 

dr 2 
2 )- 



(42) 



If we now smoothly match this space-time with that of the Reissner-Nordstrom 
on the boundary of the spherical object of radius R such that R — r, then we get 



A = Q 2 



(43) 



in the absence of A. Therefore, the constant A can easily be identified with 
the square of the charge contained in the sphere and hence the above solution 
provides a Reissner-Nordstrom black hole surrounded by strings of fluid density 
p s = (A/8ir)r~ 4 . However, in the case of A ^ this turns into a Reissner-Nordstrom- 
de Sitter universe S3. 



4. Solar system with cosmic string density admitting varying A 

To study the gravitational effects of cosmic string density admitting varying A on 
planetary motion, we discuss the perihelion precession of planet. To find perihelion 
shift, we use usual geodesic equation for a massive particle (e.g. planet), which can 
be obtained in a standard manner for the spherically symmetric metric of the form 



ds 2 = f{r)dt 2 - 



f(r) 



dr 2 



r 2 d9 2 - 2 



r sin 



(44) 



as 



dr 



1 2 



/ / 



E 2 



p2 p2 j,2 ' 



(45) 



Here, ft = E, r 2 9 = p where E and p are the energy and momentum of the parti- 
cle respectively and over dot implies differentiation with respect to affine parameter 
•s. 

By using u = 1/r, the above equation takes the form as 



M 



Qg (q-tt , (a + 2)H (a+1) bQ ^ (b + 2)Q (b+1) 



u<p p z 2p z 2 2p z 2 

where, 

1) For the case 3.1 i.e. corresponding solution (21), H = A/(3 — /3), a = (3 — 2, 
Q = B/3/(4-/?)(l-/3), b = 13-3, B = proportional constant, [3 = 2(1 + ^), A/8tt = 
integration constant. 
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2) For the case 3.2 i.e. corresponding solution (33), H = 8itDo(1 + D) 2 /(3 + 
3D- (3), a = (3 + 3D-P)/(l + D), Q = 0, D = proportional constant, (i = 2(l + ±), 
Do = integration constant. 

3) For the case 3.3 i.e. corresponding solution (39), H = A/3, a = —2, Q = 
A/(3 — (3), b = [3 — 2, A = cosmological constant, (3 = 2(1 + — ), D = integration 
constant, A = 8nDo. 

Since the planetary orbits are nearly circular, so to analyze the perihelion shift, 
we take a perturbation from the circular solution, u = uo, where 

« - ^ + uh + + <s±M& ■> + ||„r> + <^«»r".(«) 

Now we assume, u = (1 + e)u , where e << 1 and substitute this in equation 
(46) retaining to the first order in e, we get 



d(f> 2 



6M U0 - 1 + a{a -j )H ut 2) + (a+2)( ; +1)H < 

b(b-l)Q (6 _ 2 ) (b + 2)(b+l)Q b 
+ 2p^ + 2 U ° 



(48) 



From Einstein's general relativity, the precession coming from the solar mass 
M = Mq is 

A<f> = 6irM Q u . (49) 
In addition, there is a string density (with varying A) induced precession as 



a(a-l)irH (o _ 2) (a + 2)(a+l)^g a b{b - l)irQ (6 _ 2) 

V M ° 2 u ° + V "° 



+ (6 + 2)(6 + l)^ t|gj (5Q) 

Since observed perihelion shift of Mercury or other planets are slightly vary with 
general relativistic prediction i.e. A</> , so this discrepancy would be overcome due 
to presence of string density with varying A in solar system. In future study one 
can adjust the parameters for 100 percent accuracy with the experiment result. 

5. Effective attractive correction to Newtonian force due to cosmic 
string density admitting varying A 

The gravitational potential can be expressed within the Newtonian limit as <f> = e v /2 
and consequently the classical gravitational acceleration (g) for our models are given 

by 

_ M Ha bQ 
9 r 2 2r( a +!) 2r( b +!) { ' 

where, the parameters a, b, H, Q are given as above for the three sets of solutions 
(i.e. corresponding equations (21), (33) and (39)). 
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From equation (51 ), it is readily understood that one can get an effective attrac- 
tive correction to Newtonian force due to presence of cosmic string density admitting 
varying A. It seems that our models give some clue how cosmic string with varying 
A would modify Newtonian as well as Non-Newtonian gravity in various aspects. At 
the same time, our models would help to solve missing mass problem (i.e. unseen 
dark matter in the galaxies). 

Again, taking Hubble radius (which is of the order of 10 28 cm) as the value of r 
it is easy to see from equation (23) that the value of A is of the order of 10 -56 cm -2 
which agrees well with its present value. Also by putting /3 = 3 and B = —6 in 
equation (16) and neglecting that the term involving 1/r 2 it is easy to see that 
the present value of the string density p s is of the order of 10 -57 . Moreover, the 
cosmological term and the string density are directly proportional to each other. In 
the case of equation (27) also A and p s are directly proportional and the present 
value of the former is one order of magnitude larger than the latter. This means 
that depending on the signature of p s the Universe will accelerate or decelerate. 



6. Conclusions 

Our three major results in the present investigations are as follows: 

Firstly, it is observed that variable cosmological constant has power law depen- 
dence in the form A = 3r -2 for a particular value for j3 = 3. This gives the toroidal 
fluid solution embedded in a locally anti-de Sitter exterior I^HI. 

Secondly, it is possible to show that by the suitable choice of the values of the 
constants one can easily obtain the relation A = — 8tt/7 s . This means that locally 
vacuum energy density and cosmic string density are interdependent to each other. 
It is already known that cosmological constant is respon sible for providing repul- 
sive pressure to the present state of accelerating Universe ISES Therefore, one can 
explore the possibilities of whether there is any relation between the cosmic accel- 
eration and cosmic string. 

Thirdly, it is show n that cosmic string density can be scaled by a power law 
of the type p s oc r~ 2 I 33 | 65 | 66 | 68 | 38 | -j^g resiu t indicates that string-dominated 
universe expands more rapidly than m atte r-dominated universe (p m oc r -3 ) or 
radiation-dominated universe (p r oc r -4 ) ^-h 

It is also observed that from the general solutions several known solutions such 
as the Schwarzschild vacuum solution, the Schwarzschild-de Sitter vacuum solution, 
the Reissner-Nordstrom space-time and the Reissner-Nordstrom-de Sitter universe 
can be recovered here S3] 

However, as concluding remarks we would like to give emphasis here that only 
few of the above solutions seems to have some relationship with nature, the rest 
are interesting only from the mathematical point of view. It seems, for these few 
solutions with some contact with the reality, a comparison with observations would 
be a reasonable plan for validity of the features. Therefore, we have proposed a 
test of our models to the Solar System scales. For the same reason, it is possible to 
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have an estimate of the string density needed to have some interesting deviations 
from the classical Newtonian potential and how these values affect cosmological 
expansion. 
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